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Introduction



Consider T ∈ (0,∞), d ∈ N and sufficiently regular functions g : Rd → R,
f : [0, T ]×Rd ×R×Rd → R, µ : [0, T ]×Rd → Rd , σ : [0, T ]×Rd → Rd×d ,
u : [0, T ]× Rd → R such that u(T , x) = g(x) and

( ∂∂t u)(t, x) + f
(

t, x, u(t, x), σ(t, x)(∇x u)(t, x)
)

+ 〈µ(t, x), (∇x u)(t, x)〉
+ 1

2 TraceRd

(
σ(t, x)σ(t, x)∗(Hessx u)(t, x)

)
= 0

for (t, x) ∈ [0, T)× Rd .



Black-Scholes model Consider T , β > 0, α ∈ R and

∂
∂t Xt = α Xt + β Xt

∂
∂t dWt

for t ∈ [0, T ], where (Wt)t∈[0,T ] is a one-dimensional Brownian motion.

Heston model Consider α, γ ∈ R, β, δ, X
(1)
0 , X

(2)
0 > 0, ρ ∈ [−1, 1] and

∂
∂t X

(1)
t = α X

(1)
t +

√
X
(2)
t X

(1)
t

∂
∂t W

(1)
t

∂
∂t X

(2)
t = δ − γX

(2)
t + β

√
X
(2)
t

(
ρ ∂
∂t W

(1)
t +

√
1− ρ2 ∂

∂t W
(2)
t

)
for t ∈ [0, T ], where (Wt)t∈[0,T ] = ((W

(1)
t ,W

(2)
t ))t∈[0,T ] is a two-dim. BM.



Black-Scholes model Consider T , β > 0, α ∈ R and

∂
∂t Xt = α Xt + β Xt

∂
∂t dWt

for t ∈ [0, T ], where (Wt)t∈[0,T ] is a one-dimensional Brownian motion.

Heston model Consider α, γ ∈ R, β, δ, X
(1)
0 , X

(2)
0 > 0, ρ ∈ [−1, 1] and

∂
∂t X

(1)
t = α X

(1)
t +

√
X
(2)
t X

(1)
t

∂
∂t W

(1)
t

∂
∂t X

(2)
t = δ − γX

(2)
t + β

√
X
(2)
t

(
ρ ∂
∂t W

(1)
t +

√
1− ρ2 ∂

∂t W
(2)
t

)
for t ∈ [0, T ], where (Wt)t∈[0,T ] = ((W

(1)
t ,W

(2)
t ))t∈[0,T ] is a two-dim. BM.



Black-Scholes model Consider T , β > 0, α ∈ R and

∂
∂t Xt = α Xt + β Xt

∂
∂t dWt

for t ∈ [0, T ], where (Wt)t∈[0,T ] is a one-dimensional Brownian motion.

Heston model Consider α, γ ∈ R, β, δ, X
(1)
0 , X

(2)
0 > 0, ρ ∈ [−1, 1] and

∂
∂t X

(1)
t = α X

(1)
t +

√
X
(2)
t X

(1)
t

∂
∂t W

(1)
t

∂
∂t X

(2)
t = δ − γX

(2)
t + β

√
X
(2)
t

(
ρ ∂
∂t W

(1)
t +

√
1− ρ2 ∂

∂t W
(2)
t

)
for t ∈ [0, T ], where (Wt)t∈[0,T ] = ((W

(1)
t ,W

(2)
t ))t∈[0,T ] is a two-dim. BM.



Theorem (Hairer, Hutzenthaler & J 2015 AOP)

Let T ∈ (0,∞), d ∈ {4, 5, . . . }, ξ ∈ Rd . Then there exist globally bounded
µ, σ ∈ C∞(Rd ,Rd ) such that for every probability space (Ω,F ,P), every Brownian
motion W : [0, T ]× Ω→ R, every solution X : [0, T ]× Ω→ Rd of

dXt = µ(Xt) + σ(Xt) dWt , t ∈ [0, T ], X0 = ξ,

and every Y N : {0, 1, . . . ,N} × Ω→ R4, N ∈ N, with
∀N ∈ N, n ∈ {0, 1, . . . ,N − 1} : Y N

0 = X0 and

Y N
n+1 = Y N

n + µ(Y N
n ) T

N + σ(Y N
n )
(

W (n+1)T
N

−W nT
N

)
(Euler-Maruyama approximations) we have ∀α ∈ [0,∞) :

lim
N→∞

(
Nα
∥∥E[XT

]
− E

[
Y N

N

]∥∥) =

{
0 : α = 0

∞ : α > 0
.
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Plot of
∥∥E[XT

]
− E

[
Y N

N

]∥∥ for T = 2 and N ∈ {21, 22, . . . , 230}.
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Theorem (Gerencsér, J, & Salimova 2016)

Let T ∈ (0,∞), d ∈ {2, 3, 4, . . . }, ξ ∈ Rd , (aN)N∈N ⊆ R satisfy
limN→∞ aN = 0. Then there exist globally bounded µ, σ ∈ C∞(Rd ,Rd ) such that
for every probability space (Ω,F ,P), every Brownian motion W : [0, T ]× Ω→ R,
every solution X : [0, T ]× Ω→ Rd of

dXt = µ(Xt) dt + σ(Xt) dWt , t ∈ [0, T ], X0 = ξ,

and every N ∈ N we have

inf
s1,...,sN∈[0,T ]

inf
u : RN→Rd

measurable

E
[∥∥XT − u

(
Ws1 , . . . ,WsN

)∥∥] ≥ aN .

Dimension d ≥ 4: J, Müller-Gronbach & Yaroslavtseva 2016 CMS

Weak convergence and d ≥ 4: Müller-Gronbach & Yaroslavtseva 2016 SAA
(to appear)

Adaptive approximations and d ≥ 4: Yaroslavtseva 2016
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Theorem (Hefter & J 2016)

Let T , δ, β ∈ (0,∞), γ, ξ ∈ [0,∞), let (Ω,F ,P) be a probability space, let
W : [0, T ]× Ω→ R be a Brownian motion, let X : [0, T ]× Ω→ R be a solution of

dXt = (δ − γXt) dt + β
√

Xt dWt , t ∈ [0, T ], X0 = ξ.

Then there exists a c ∈ (0,∞) such that for all N ∈ N we have

inf
u : RN→R
measurable

E
[∣∣XT − u(W T

N
,W 2T

N
, . . . ,WT )

∣∣] ≥ c · N−min{1, 2δ
β2 }. (*)
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Let Θ = ∪n∈NRn, let (qk,l,ρ
s )k,l∈N0,ρ∈(0,∞),s∈[0,T) ⊆ QT ,

(mg
k,l,ρ)k,l∈N0,ρ∈(0,∞), (mf

k,l,ρ)k,l∈N0,ρ∈(0,∞) ⊆ N, let (Ω,F ,P, (Ft)t∈[0,T ]) be a

stochastic basis, let W θ : [0, T ]× Ω→ Rd , θ ∈ Θ, be independent standard
(Ft)t∈[0,T ]-Brownian motions, for every l ∈ Z, ρ ∈ (0,∞), θ ∈ Θ, x ∈ Rd ,

s ∈ [0, T), t ∈ [s, T ] let X l,ρ,θ
x,s,t : Ω→ Rd ,Dl,ρ,θ

x,s,t : Ω→ Rd×d and

I l,ρ,θ
x,s,t : Ω→ R1+d be functions, and for every θ ∈ Θ, ρ ∈ (0,∞) let

Uθk,ρ : [0, T ]× Rd × Ω→ Rd+1, k ∈ N0, be functions which satisfy for all k ∈ N,
(s, x) ∈ [0, T)× Rd that

Uθk,ρ(s, x)

=
k−1∑
l=0

mg
k,l,ρ∑
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Allen-Cahn equation
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Figure: Relative approximation errors 1
10|v|

∑10
i=1 |U

i,[1]
ρ,ρ(0,x0)−v| for ρ ∈ {1, 2, . . . , 5} against the

average runtime in the case d = 1 (u(0, x0) ≈ v = 0.905). Right: Relative approximation
increments

(
1
10

∑10
i=1 |U

i,[1]
ρ+1,ρ+1(0,x0)−Ui,[1]

ρ,ρ(0,x0)|
)/(

1
10 |
∑10

i=1 U
i,[1]
7,7 (0,x0)|

)
for ρ ∈ {1, 2, 3, 4}

against the average runtime in the case d = 100 (u(0, x0) ≈ 0.317).

Numerical simulations in MATLAB with an Intel i7 CPU with 2.8 GHz Intel and 16 GB
RAM.



Pricing with different interest rates for borrowing and lending
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Figure: Relative approximation errors 1
10|v|

∑10
i=1 |U

i,[1]
ρ,ρ(0,x0)−v| for ρ ∈ {1, 2, . . . , 7} against the

average runtime in the case d = 1 (u(0, x0) ≈ v = 7.156). Right: Relative approximation
increments

(
1
10

∑10
i=1 |U

i,[1]
ρ+1,ρ+1(0,x0)−Ui,[1]

ρ,ρ(0,x0)|
)/(

1
10 |
∑10

i=1 U
i,[1]
7,7 (0,x0)|

)
for ρ ∈ {1, 2, . . . , 6}

against the average runtime in the case d = 100 (u(0, x0) ≈ 21.299).



Runtime needed to compute one realization of U1
6,6(0, x0) against dimension

d ∈ {5, 6, . . . , 100} for the pricing with different interest rates example.
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