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Motivation: motherhood gap

mothers earn less than women without children

maternity leave after childbirth causes break in mother’s
employment history
(loss of human capital, loss of rents from good job matches)

large variation in maternity leave duration due to observed and
unobserved factors

different parental leave policies (job protection, financial benefit)
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Maternity Leave Policy and Earnings in Austria
policy change in Austria (July 1, 2000)

▶ extension of financial benefit period from 18 to 30 months
▶ job protection 24 months (not changed)
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Left: proportion of mothers returning to the labour market
right: mean income for mothers with short and long maternity leave

What is the effect of extending maternity leave beyond 18 months
on income?
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Analysis of Long Leave Effects

Goal: Estimate the effects of a long maternity leave on earnings
after return to labour market

▶ earnings of each mother observed only for her choice on length of
the maternity leave =⇒ typical situation in treatment effects models

▶ individual decision on length of maternal leave =⇒ control for
endogeneity

▶ earnings are observed over several years =⇒ panel data

modelling approach
▶ capture dependencies

⋆ between treatment choice and panel earnings outcomes
⋆ across panel outcomes under each treatment

▶ allow for time-varying effects of covariates on earnings
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Modelling Treatment Effects: Potential Outcomes

potential outcomes framework (Rubin, 2005)
binary treatment indicator

Xi =

{
1 treatment
0 control

outcome of interest is described by two random variables

Y0i potential outcome under control conditions
Y1i potential outcome under treatment
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Modelling Treatment Effects: SUTVA

SUTVA (stable unit treatment value assumption)
▶ non-interference among units: potential outcomes of unit i are

unaffected by treatment assignment on unit j

Yxi ,i |(X1 = x1, . . . ,XN = xN) = Yxi ,i

▶ no hidden variations in treatment

the potential outcomes model and SUTVA allow to define
treatment effects of interest (Li, Ding and Mealli, 2023)
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Treatment effects
treatment effects are defined based on the individual outcome
differences Y1i − Y0i

individual treatment effect (ITE)

τi = E(Y1i − Y0i)

sample average treatment effect (SATE) (i.e. average gain/loss
from treatment in the sample)

τS =
1
n

n∑
i=1

E(Y1i − Y0i)

population average treatment effect (PATE) (i.e. average gain/loss
from treatment in the population)

τP =
1
N

N∑
i=1

E(Y1i − Y0i)

where N is the size of the population
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Inference on treatment effects

fundamental problem for inference on treatment effects
▶ for each subject only one of the two potential outcomes is observed
▶ the outcome difference is never observed

Treatment Yi1 Yi0
Xi = 1 Yi1|(Xi = 1) Yi0|(Xi = 1)
Xi = 0 Yi1|(Xi = 0) Yi0|(Xi = 0)

the observed outcome depends on the value of Xi

Yi =

{
Y0i if xi = 0
Y1i if xi = 1
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Confounding

in randomized trials
▶ treatment and realized outcome are independent
▶ difference of mean outcomes is unbiased for τS

in observational studies
▶ individuals choose treatment/no treatment based on expectations
▶ simple estimates are biased due to confounding

treatment selection
▶ on observables

⋆ potential outcomes are independent of treatment selection conditional
on observed covariates

⋆ flexible models for outcomes e.g. via BART (Hill, 2011; Hahn et al.,
2021)

▶ on unobservables
dependence between selection into treatment and potential
outcomes after conditioning on covariates
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Data
for i = 1, . . . ,n subjects

▶ binary treatment xi
▶ covariates vi at treatment
▶ observed outcome yi after treatment
▶ covariates wi for outcome

observed data for treated and untreated
(x1 = 0, y01,v1,w1), . . . , (xn0 = 0, y0,n0 ,vn0 ,wn0)
(xn0+1 = 1, y1,n0+1vn0+1,wn0+1), . . . , (xn = 1, y1,nvn,wn)

x = 0, y0 v, w
v, w x = 1, y1

Relation between observed treatment xi and outcome yi :

yi =

{
y0i if xi = 0
y1i if xi = 1
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Joint model of treatment selection and potential
outcomes

Probit model for binary treatment xi at baseline

x∗
i = v′

iα+ εxi εxi ∼ N
(

0, σ2
x

)
xi = I[0,∞)(x∗

i )

Regression model for the two potential outcomes yji

y0i = γ0 + w′
iγ + ε0i

y1i = (γ0 + κ0) + w′
i(γ + κ) + ε1i

interest is in the treatment effect conditional on covariate values w
(CATE)

τ(w) = E(Y1i − Y0i |w) = κ0 + w′κ
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Dependence between treatment and outcome

regression model for the observed outcomes

yi = γ0 + w′
iγ + xi(κ0 + w′

iκ) + εxi ,i

endogeneity: errors of the observed outcome depend on xi

specification of a joint Normal distribution of all error termsεxi
ε0i
ε1i

 ∼ N3

0,Σ =

 σ2
x σx0 σx1

σx0 σ2
0 σ01

σx1 σ01 σ2
1

 .

y0i observed if x∗
i < 0; y1i observed if x∗

i > 0 but never together

observed data allow identification of the CATE but not of σ01
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Latent utilities and observed outcomes
latent utility model: one binary covariate

potential outcomes: different correlation with latent utilty (ρx0 = −0.7,
ρx1 = 0.8)
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Panel outcome data

Data structure: information for i = 1, . . . ,n subjects
at treatment

▶ binary variable indicating treatment xi (0=shorter / 1= longer leave)
▶ covariates vi

after treatment
▶ panel data on outcome yi = {yi1, yi2, ..., yiTi} at Ti time points after

treatment
▶ covariates Wi = {wi1,wi2, ...,wiTi} at different time points

interest is in the longitudinal conditional treatment effect

τ (W) = E(Y1i − Y0i |W)
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Dependence between treatment and outcome

outcomes sequences of length T , i.e. joint distribution of
dimension (2T+1)

joint Normal distribution of all error termsε0i
ε1i
εxi

 ∼ N2T+1

0,

Σ0 Σ01 σ0
Σ01 Σ1 σx1
σ′

x0 σ′
x1 σ2

x

 .

Σ01 cannot be identified from the observed data

under longitudinal dependence Σ0 and Σ1 are not diagonal
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Modelling Dependence
Shared factor model (SF)
(Carneiro etal., 2003; Jacobi et al. 2016)

▶ specification of the joint 2T + 1 variate distribution of (ε0i , ε1i , ηi)

▶ 1 latent factor captures all dependencies
▶ dependence between latent utility and each potential outcome

induces dependence between the two potential outcomes

Switching regression model (SR)
(Chib, 2007; Chib and Jacobi, 2007; Jacobi et al. 2016)

▶ model only
(
Σj σxj
σ′

xj σ2
x

)
; no specification of Σ01

▶ sufficient for point estimates of treatment effects
▶ implicit restrictions for joint Normal distribution

for a joint multivariate Normal distribution both models imply
restrictions that can result in biased treatment effects estimates
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The Bifactor model

Holzinger and Swineford (1937): two or more orthogonal factors
▶ one common (or general) factor shared by all responses
▶ one or more further group (or specific) factors model the additional

correlation among clusters of responses

application to treatment effects models: subject specific factors
▶ 1 common factor fci
▶ two 2 specific factors fji - one for each potential outcomes sequence

•
• •
• •
• •
• •
• •
• •


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The bifactor treatment effects model

bifactor treatment effects model

εxi = λx fci + ϵxi , (1)
ε0i = λ0fci + ζ0f0i + ϵ0i (2)
ε1i = λ1fci + ζ1f1i + ϵ1i (3)

▶ common factor fci shared by the latent utility x∗ and both potential
outcomes sequences y0 and y1

▶ two group factors f0i , f1i for the potential outcomes sequences

more general than both the SR and SF model
identification of factor loadings from σxj and Σj (j = 0,1) requires
outcome panels of length T ≥ 4
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Simulation results
Data generated from

SR model violating restrictions of SF model
SF model violating restrictions of SR model

True and estimated average treatment effects
(left: true model SR, right: true model SF)
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Application: Effect of maternity leave on income after
return

Data from the Austrian Social Security Register (ASSD is an
administrative individual register that collects information for
old-age security benefits)
unbalanced sample of n = 31015 mothers

▶ birth of last child between July 1998 and June 2002

▶ observed 4- 6 panel periods after returning to the labor market

▶ employed in the private sector before child birth
▶ strong attachment to the labour market

⋆ employed within 30 days after end of maternity leave
⋆ earnings > 1100 Euros in subsequent years after reentry

=⇒ 190969 earnings observations
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Modelling the mother data

binary treatment xi defined based on maternity leave duration mi

xi =

{
0, if mi ≤ 18,
1, if mi > 18.

the binary instrument zi defined as

zi =

{
0 child born before June 30, 2000
1 child born after June 30, 2000

covariates in the selection equation

▶ number of children
▶ white/blue collar
▶ working experience before maternity leave
▶ baseline earnings before child

labor market outcomes (log real earnings per year) yi = {yi1, yi2, ..., yiTi }
observed for each mother after the end of the maternity leave

covariates for the outcome model as in the selection model and additionally
dummy variable for return to the same employer

Helga Wagner Treatment effects 2024 21 / 40



Modelling the mother data

structural model

E(x∗
i ) = v′

iα

E(y0,it) = γ0t + w′
iγ

E(y1,it) = (γ0t + κ0t) + w′
i(γ + κ)

the model might be overspecified
▶ covariate with no effect on selection or outcome
▶ no baseline treatment effect κ0
▶ no heterogeneity of treatment effects with respect to a covariate

enforce sparsity by spike and slab priors on regression effects
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Results: Outcome model

18 months or less + longer leave
mean(sd) p mean(sd) pincl

intercept 9.309 (0.014) - -0.130 (0.011) 1.00
2 children 0.000 (0.001) 0.01 0.000 (0.001) 0.01
≥3 children 0.000 (0.001) 0.01 0.000 (0.002) 0.02
more exp. -0.092 (0.010) 1.00 0.011 (0.015) 0.39
blue collar -0.108 (0.006) 1.00 0.000 (0.002) 0.02
more exp., blue 0.001 (0.004) 0.04 0.005 (0.012) 0.17
base earn Q2 0.066 (0.006) 1.00 0.000 (0.002) 0.02
base earn Q3 0.286 (0.011) 1.00 -0.047 (0.014) 1.00
base earn Q4 0.606 (0.010) 1.00 -0.116 (0.013) 1.00
equal employer 0.049 (0.005) 1.00 0.000 (0.003) 0.03
panel T=2 0.066 (0.004) 1.00 0.068 (0.004) 1.00
panel T=3 0.106 (0.006) 1.00 0.115 (0.006) 1.00
panel T=4 0.149 (0.009) 1.00 0.141 (0.008) 1.00
panel T=5 0.201 (0.011) 1.00 0.151 (0.009) 1.00
panel T=6 0.252 (0.013) 1.00 0.163 (0.010) 1.00
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Longitudinal treatment effects

sample treatment effect
negative short-term effect
no long-term impact
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Modelling the mother data

potential outcomes model

y0,it = γ0t + w′
iγ + ε0,it

y1,it = (γ0t + κ0t) + w′
i(γ + κ) + ε1,it

▶ intercept and treatment effects time-specific (unstructured)
▶ time-constant effects of covariates

more flexible model with time-varying parameter model (TVP)

y0,it = γ0t + w′
iγt + ε0,it

y1,it = (γ0t + κ0t) + w′
i(γt + κt) + ε1,it

TVP models usually used for time series data with small n, large T
– we have panel data with large n, small T
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Time-varying effects

Notation: d × 1 vector of regression effects βt = (γ0t ,γt , κ0t ,κt)
′

=⇒ T × d regression effects (including the intercept)

modelling of the development of the regression effects over time
▶ allows to borrow information across time
▶ a simple model for the dynamics over time is the Normal random

walk
βt = βt−1 + ωt ωt ∼ N (0,Q)

with Q = diag(θ2
1, . . . , θ

2
d ) and starting values

β0 ∼ N (0,Q0)

▶ p starting values+ p process variances =⇒ 2d effects
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Non-centered parameterisation

regression effects in non-centered parameterization

βt = β +Θβ̃t

β̃t = β̃t−1 + ω̃t , ω̃t ∼ N (0, I)

where Θ = diag(θ1, . . . , θd) and β̃0 ∼ N (0, cI)
the model is then given as

yj,it = w̃itβ + w̃itΘβ̃t + εj,it , j = 0,1

the model is overspecified if elements of β and/or Θ are 0
▶ time-constant effect: θj = 0
▶ no effect: θj = 0 and βj = 0
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Shrinkage priors
advantages in inference: effects need not be assigned to one of
the components as in spike and slab priors
specified hierarchically with hyperpriors
triple Gamma priors (Cadonna et al., 2020) on the process
variances θ2

j

θ2
j |ξ2

j ∼ G
(1

2
,

1
2ξ2

j

)
,

ξ2
j |aξ, κ

2
j(ξ) ∼ G

(
aξ,

aξκ
2
j(ξ)

2

)
,

κ2
j(ξ)|cξ, κ

2
B(ξ) ∼ G

(
cξ,

cξ
κ2

B(ξ)

)
▶ Normal-Gamma-Gamma priors (NGG) on the signed process

standard deviations ±θj
▶ good shrinkage properties in time-series
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Mother’s Earnings

data: balanced panel of 18846 mothers with 6 outcome
observations (total: 113076 outcome observations)
intercepts and all effects on potential outcomes time-varying
priors

▶ NGG prior on effects αj in selection model
▶ NGG prior on initial effects β2

j in outcome model
▶ triple Gamma Prior on process variances θ2

j

with fixed default hyper-parameters (a=1/7, c=1/7,κB = 1 )
comparison to a model with unstructured effects of panel time and
interaction of treatment and panel time
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Mother’s Earnings: Time varying effects

Intercept and baseline treatment effect
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Mother’s Earnings: baseline earnings in quartile 4
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Mother’s Earnings: more than median experience
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Mother’s Earnings: two children
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Discussion

estimated longitudinal treatment effects consistent with literature
(Lalive and Zweimüller, 2009; Lalive et al. 2014):

▶ negative short-term effects (reduction in earnings)
▶ no long-term impacts

for baseline mother but heterogeneity of treatment effects
estimated factor loadings confirm endogeneity in leave decision
two factors are supported by data

▶ unobserved confounders to explain correlation across time in
potential earnings (sign depends on treatment state, i.e. the
general factor)

▶ additional unobserved non-confounding factors (specific factor)

many effects vary over time - good shrinking properties of triple
Gamma prior also for panel data
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Open issues

prior
▶ choice of hyper-parameters of the shrinkage priors
▶ shrinkage prior on factor loadings?

MCMC
▶ implementation for unbalanced panel
▶ handle intermittent missing values
▶ high autocorrelation in MCMC draws of factor loadings
▶ extension to other outcome types (tobit, skew-normal,. . . )
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Inference on treatment effects in randomized trials
random assignment of treatment: treatment and potential
outcomes are independent

X ⊥⊥ (Y1,Y0)

consequences for the potential outcomes

p(Y0,Y1|X = 1) = p(Y0,Y1|X = 0) = p(Y1,Y0)

and therefore

E(Y0) = E(Y0|X = 0)
E(Y1) = E(Y1|X = 1)

τS can be estimated unbiasedly by the observed outcome
difference

τ̂S =
1
n1

∑
i:xi=1

y1i −
1
n0

∑
i:xi=0

y0i
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Sparse Bayesian modelling
in a Bayesian approach sparsity can be achieved by appropriate prior
distributions

spike and slab priors
▶ two component mixture (spike/slab)
▶ allow classification of effects as relevant or not

shrinkage priors
▶ mode at zero and fat tails
▶ shrink irrelevant effects to zero

Left:
Spike and slab prior, right: shrinkage prior
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